We present an exact and Monte Carlo renormalization group (MCRG) study of semiflexible polymer chains on an infinite family of the plane-filling (PF) fractals. The fractals are compact, that is, their fractal dimension d f is equal to 2 for all members of the fractal family enumerated by the odd integer b (3 ≤ b < ∞). For various values of stiffness parameter s of the chain, on the PF fractals (for 3 ≤ b ≤ 9) we calculate exactly the critical exponents ν (associated with the mean squared end-to-end distances of polymer chain) and γ (associated with the total number of different polymer chains). In addition, we calculate ν and γ through the MCRG approach for b up to 201.
I. INTRODUCTION
The self-avoiding walk (SAW) is a random walk that must not contain self-intersections.
It has been extensively studied as a challenging problem in statistical physics, and, in particular, as a satisfactory model of a linear polymer chain [1] . The pure SAW is a good model for perfectly flexible polymer, where we ignore the apparent rigidity of real polymer, and, consequently, to each step of SAW we associate the same weight factor (fugacity) x. In most real cases, the polymers are semiflexible with the various degree of stiffness. To take into account this property of polymers, in the continuous space models the stiffness of the SAW path is modeled by constraining the angle between the consecutive bonds of polymer, while in the lattice models, an energy barrier for each bend of the SAW is introduced. The lattice semiflexible SAW model (also known as persistent or biased SAW model), has been studied some time ago in a series of papers [2] , with a focus on the so-called rod-to-coil crossover.
Afterwards, it was modified in various ways, in order to describe relevant aspects of different phenomena, such as protein folding [3, 4] , adsorption of semiflexible homopolymers [5] , transition between the disordered globule and the crystalline polymer phase [6, 7] , behavior of semiflexible polymers in confined spaces [8, 9] , or influence of an external force on polymer systems [10, 11, 12, 13] .
In spite of numerous studies, a scanty collection of exact results for semiflexible polymers has been achieved so far, even for the simplest lattice models. A few cases in which some properties of semiflexible SAW can be studied exactly are: directed semiflexible SAWs on regular lattices [5, 14] , and semiflexible SAWs (with no constraints on the direction) on some fractal lattices [15, 16] . In particular, exact values of the end-to-end critical exponent ν and the entropic exponent γ were obtained for these models, and it turned out that in some cases critical exponents are universal, whereas in other cases they depend on the stiffness of the polymer chain. Universality arguments, as well as results of approximate and extrapolation methods for similar models suggest that critical exponents on regular (Euclidean) lattices should not be affected by the value of the polymer stiffness. On the other hand, it is not known what are the effects of rigidity on the critical behavior of SAWs in nonhomogeneous environment. In order to explore further this issue, in this paper we perform the relevant study on the infinite family of the plane-filling (PF) fractal lattices [17, 18] , which allow for an exact treatment of the problem. These fractals appear to be compact, that is, their fractal dimension d f is equal to 2. Members of the family can be enumerated by an odd integer b (3 ≤ b < ∞), and as b → ∞ characteristics of these fractals approach, via the so-called fractal-to-Euclidean crossover [19, 20] , properties of the regular 2D lattice.
By applying the exact real-space renormalization group (RG) method [21, 22] , as well as Monte Carlo renormalization group (MCRG) method [23, 24, 25, 26] , we calculate critical exponents ν and γ. We have performed our calculations for as many as possible members of the fractal family, for various degree of polymer stiffness, in order to study consequent stiffness dependence of the critical exponents, as well as to see the asymptotic behavior of the exponents in the fractal-to-Euclidean crossover region. This paper is organized as follows. We define the PF family of fractals in Sec. II, where we also present the framework of our exact and MCRG approach to the evaluation of the critical exponents ν and γ of stiff polymers on the PF fractals, together with the specific results. In Sec. III we analyze the obtained data for the critical exponents, and present an overall discussion and pertinent conclusions.
II. SEMIFLEXIBLE POLYMERS ON THE PLANE-FILLING FRACTAL LAT-

TICES
In this section we are going to apply the exact RG and the MCRG method to calculate asymptotic properties of semiflexible polymer chains on the PF fractal lattices. Each member of the PF fractal family is labelled by an odd integer b (3 ≤ b < ∞), and can be constructed in stages. At the initial stage (r = 1) the lattices are represented by the corresponding generators (see Fig. 1 ). The rth stage fractal structure can be obtained iteratively in a self-similar way, that is, by enlarging the generator by a factor b r−1 and by replacing each of its segments with the (r − 1)th stage structure, so that the complete fractal is obtained in the limit r → ∞. The shape of the fractal generators and the way the fractals are constructed imply that each member of the family has the fractal dimension d f equal to 2. Thus, the PF fractals appear to be compact objects embedded in the two-dimensional Euclidean space, that is, they resemble square lattices with various degrees of inhomogeneity distributed self-similarly.
In order to describe stiffness of the polymer chain, we introduce the Boltzmann factor s = e −∆/k B T , where ∆ is an energy barrier associated with each bend of the SAW path, and k B is the Boltzmann constant. For 0 < s < 1 (0 < ∆ < ∞) we deal with the semiflexible polymer chain, whereas in the limits s = 1 (∆ = 0) and s = 0 (∆ = ∞) the polymer is a flexible chain or a rigid rod, respectively. If we assign the weight x to each step of the SAW, then the weight of a walk having N steps, with N b bends, is x N s N b , and consequently, the general form of the SAW generating function can be written as 
the following power law
where γ is the entropic critical exponent, and µ is the connectivity constant. Accordingly, at the critical fugacity x c = 1/µ(s), we expect the following singular behavior of the above generating function
On the other hand, due to the self-similarity of the underlying structure, an arbitrary SAW configuration on the PF fractals can be described, by using the three restricted generating functions A (r) , B (r) and C (r) (see Fig. 2 ), which represent partial sums of statistical weights of all feasible walks within the rth stage fractal structure for the three possible kinds of SAWs. One may verify that, for arbitrary b, the generating function G(x, s) is of the form 
5) 
where λ ν is the relevant eigenvalue of the RG equation (2.8) at the nontrivial fixed point
Consequently, evaluation of ν starts with determining the coefficients P (N, N b ) of (2.8) and finding the pertinent fixed point value B * (s), which is, according to the initial condition respectively, while for b = 7 and 9 they are disposed within the Electronic Physics Auxiliary
Publication Service (EPAPS) [27] . Knowing P (N, N b ), for a given b, we use Eqs. 15) where N(B) is given by The last formula enables us to calculate ν via the MCRG method, that is, without calculating explicitly the coefficients P (N, N b ). For a given fractal (with the scaling factor b) and the SAW stiffness s, we begin with determining the critical fugacity B * . To this end, we start the Monte Carlo (MC) simulation with an initial guess for the fugacity B 0 in the region 0 < B 0 < 1. Here B 0 can be interpreted as the probability of making the next step along the same direction from the vertex that the walker has reached, while sB 0 is the probability to make the next step by changing the step direction. We assume that the walker starts his path at one terminus (vertex) and tries to reach the other terminus of the and s = 0.9, we have ν = 0.77239(27) ≡ 0.77239 ± 0.00027). generator. In a case that the walker does not succeed to pass through the generator, the corresponding path is not taken into account. We repeat this MC simulation L times, for the same set B 0 and s. Thus, we find how many times the walker has passed through the generator, and by dividing the corresponding number by L we get the value of the function (2.8), denoted here by B ′ (B 0 , s). In this way we get the value of the sum (2.8) without specifying the set P (N, N b ) . Then, for a fixed s, the next values B n (n ≥ 1), at which the MC simulation should be performed, can be found by using the "homing" procedure [25] , which can be closed at the stage when the difference B n − B n−1 becomes less than the statistical uncertainty associated with B n−1 . Consequently, B * can be identified with the last value B n found in this way. Performing the MC simulation at the values B * and s,
we can record all possible SAWs that traverse the fractal generator. Then, knowing such a set of walks, we can represent the average value of the length of a walk (that traverse the generator) via the corresponding average number of steps N(B * , s) , and, accordingly, we can learn the value of the ν through the formulas (2.17) and (2.9). In Tables I and II, .4) is of the form (2.3), it can be shown [18] that the critical exponent γ should be given by 18) where λ γ is the RG eigenvalue 19) of the polynomial a(B (n−1) , s) defined by (2.5), with B * being the fixed point value of (2.8).
Therefore, it remains either to determine exactly an explicit expression for the polynomial a B (n−1) , s , or somehow to surpass this step and to evaluate only the single needed value a(B * , s). We have been able to determine the exact form of the requisite polynomial for the PF fractals with 3 ≤ b ≤ 9, while for b ≥ 11 we have applied the MCRG to evaluate a(B * , s).
In order to learn an explicit expression of the polynomial a(B (r−1) , s), we note that its for b = 5 it is given in the Appendix, while for b = 7 and 9 they are given in the supplementary EPAPS Document [27] . Using this information, together with (2.19), (2.18), and previously found B * and λ ν , we have obtained the desired exact values of γ (see Table III ).
For a sequence of b > 9, the exact determination of the polynomial (2.20) , that is, knowledge of the coefficients Q(N, N b ), can be hardly reached using the present-day computers.
However, to calculate λ γ one does not need a complete knowledge of polynomial a(B, s), but
only its values at the fixed point (see Eq. (2.19)). However, the polynomial that appears in (2.5) can be conceived as grand partition function of an appropriate ensemble, and consequently, within the MCRG method, the requisite value of the polynomial can be determined directly [18] . Owing to the fact that we can obtain λ γ = a(B * , s) through the MC simulations, and, knowing λ ν from the preceding calculation of ν, we can apply (2.18) to calculate γ. In Table III 
III. DISCUSSION AND SUMMARY
We have studied critical properties of semiflexible polymer chains on the infinite family of the PF fractals whose each member has the fractal dimension d f equal to the Euclidean value 2. In particular, we have calculated the critical exponents ν and γ via an exact RG Tables II and III. In order to analyze the obtained results, in Fig. 3(a) we have plotted ν as a function of stiffness parameter s, for several values of fractal scaling parameter b. One can see that for each b, exponent ν monotonically decreases from the value ν = 1, for s = 0, corresponding to rigid rod, to the value ν SAW (b), for s = 1, corresponding to the flexible polymer chain [18, 28] . This, indeed, implies that for finite b, the mean end-to-end distance for semiflexible polymers increases with its rigidity, and is always between its values for the flexible chain and the rigid rod. In the same figure one can also observe that when b increases the curves ν(s) become increasingly sharper so that their limit looks to be ν = 1, at s = 0, whereas ν ≈ const., for 0 < s ≤ 1. This observation may imply that for very large b (beyond b = 201) the critical exponent ν becomes independent of s. Here, one should note that it is believed that critical exponent ν is universal for semiflexible SAWs on Euclidean lattices, that is, it does not depend on s [15] . This expectation is based on universality arguments, and it was exactly demonstrated for directed semiflexible SAWs [14] . The same conclusion was also exactly derived for semiflexible SAWs on the Havlin-Ben-Avraham and 3-simplex fractal lattices [15] . However, as it was pointed out in [15] , in contrast to the case of homogeneous lattices, where rigidity only increases the persistence length, but does not affect neither the scaling law governing the critical behavior of the the mean end-to-end distance, nor the value of the critical exponent ν of SAWs, one might expect that presence of disorder in nonhomogeneous lattices, combined with the stiffness, in some cases can constrain the persistence length, and consequently induces dependence of ν on s. This was explicitly confirmed in the same paper, by exact calculation of the critical exponent ν for branching Koch curve, which turned out to be continuously decreasing function of s, similar to functions depicted in Fig. 3(a) . Apparently, the established dependence of ν on s for PF fractals with smaller values of b shows that considerable lattice disorder affects significantly the values of ν, while the dependence of ν on s gradually disappears for PF fractals with smaller disorder (appearing for larger b). These facts confirm the assumption [15] that lattice disorder, combined with the polymer stiffness, has a predominant impact on the critical behavior of semiflexible polymers.
In Fig. 3 can be gradually approached. Studies of the flexible SAW models on Sierpinski gasket family of fractals [20, 26, 29, 30, 31, 32, 33] , as well as on PF fractals [18] , revealed that crossover behavior of critical exponents can be rather subtle in the sense that not all critical exponents tend to their Euclidean values, and even when they do so it can be accomplished in quite unexpected manner. For instance, according to the finite-size scaling arguments, when b → ∞ exponent ν of flexible polymers (s = 1) on PF fractals approaches the Euclidean value 3/4 from below [18] , which together with the fact that ν is monotonically decreasing function for b up to 201, means that for some value of b larger than 201 there should exist a minimum. On the other hand, for s = 0 exponent ν is equal to 1 for each b. For 0 < s ≤ 1 apparent trend of the curves presented in Fig. 3(b) suggests that limiting value of ν, when b → ∞, does not depend on particular value of s, and following the behavior of ν for flexible polymers, it should be equal to the Euclidean value 3/4. However, we would not like to draw here such a definite conclusion without additional investigations.
Continuing the comparison of the criticality of flexible and semiflexible SAWs on the PF fractals, in Fig. 4 we have depicted the data from Table I for the critical fixed points B * . On the left-hand side of this figure one can notice that B * , which is equal to the reciprocal of the connectivity constant µ, is monotonically decreasing function of s, for each b considered. This has been expected, since µ has the physical meaning of the average number of steps available to the walker having already completed a large number of steps, so that larger flexibility of the polymer chain implies larger µ, and consequently µ(s = 0) < µ(0 < s < 1) < µ(s = 1).
In Fig. 4 (b) one can also observe that for fixed s, the fixed point B * decreases with b. the stiffness parameter s. Such expectation is also in accord with the exact results obtained for directed semiflexible SAWs [14] .
To make our analysis of semiflexible SAWs on PF fractals complete, in Fig. 6 we present the data found for the critical exponent γ. As it was explained in Sec. II, exponent γ is given by (2. Table I into the exact expressions found for λ ν and λ γ , one obtains the corresponding values for γ, and, consequently, curves for b = 5, 7 and 9 in Fig. 6(a) . For larger values of b, depicted γ curves were obtained by interpolating the data found by MCRG approach for s = 0.1, 0.3, 0.5, 0.7, 0.9 and s = 1 (Table III) Havlin-Ben-Avraham fractal only γ is non-universal (ν = 1 for all values of s). Besides, in [15] it was shown that neither ν nor γ depend on s for SAWs on the 3-simplex fractal. The observed different behavior of exponents ν and γ on various fractals is an intriguing fact and imposes the question of the universality of γ for semiflexible SAWs on homogeneous lattices. One might try to draw a helpful conclusion by looking at the large b behavior of the functions γ(s), plotted in Fig. 6(a) . One can see that as b grows the curve γ(s) becomes sharper, so that for b = 201 it is almost constant in the large part of the region 0 < s ≤ 1, whereas in the vicinity of s = 0 it rapidly drops to the value γ = 0, at s = 0. Therefore, it may be concluded that for b ≫ 1 and 0 < s ≤ 1 exponent γ becomes independent of s. Furthermore, in Fig. 6(b) , we perceive that for each studied s, the critical exponents γ monotonically increase with b, and for b = 201 acquire almost the same value γ ≈ 2.2. These observations may imply that γ for semiflexible SAWs on homogeneous lattices is universal.
However, it is known that critical exponent γ for flexible polymers (s = 1) on the twodimensional Euclidean lattices is equal to γ = 43/32, which is far from the apparent limiting value 2.2 (suggested by the plots in Fig. 6(b) , when 1/b → 0), implying that γ for PF fractals does not tend to its Euclidean value for large b. This may seem odd, but it fits quite well into the peculiar picture which have emerged during the last two decades for the fractal-toEuclidean crossover behavior of the exponent γ of flexible SAWs on PF [18] and on Sierpinski gasket (SG) family of fractals [20, 32, 33] , as well as for some models of directed SAWs on SG fractals [31] . For instance, using finite-size scaling arguments, Dhar [20] concluded that γ for SAWs on SG fractals at the fractal-to-Euclidean crossover approaches the non-Euclidean value 133/32. In a similar manner, for PF fractals it was also demonstrated [18] that in the limit b → ∞ exponent γ tends to 103/32, which is again the non-Euclidean value. In addition, numerical analysis of the large set of exact values of γ obtained for the piece-wise directed SAWs on SG fractals, as well as an exact asymptotic analysis [31] , also showed that the limiting value of γ differs from the corresponding Euclidean value. In all these cases the established crossover behavior could not have been predicted only on the basis of γ values obtained for relatively small b (up to b = 201, for instance). On these grounds we may infer that in the crossover region, when b → ∞, critical exponent γ does not depend on the stiffness s, and approaches the non-Euclidean value.
In conclusion, we may say that family of plane-filling fractals proved to be useful for investigation of the effects of the rigidity on the criticality of SAWs on nonhomogeneous lattices. It is amenable to applying exact and Monte Carlo renormalization group study, which we performed on large number of its members. The obtained results show that the critical behavior of semiflexible SAWs is not universal, in a sense that critical endto-end exponents ν, as well as entropic exponents γ, continuously vary with the stiffness parameter s. Such non-universality does not occur on regular lattices, but it was found for SAWs on the branching Koch curve, suggesting that polymer behavior in realistic disordered environment might be more affected by its stiffness than it was expected. Apart from the stiffness parameter s, critical exponents also depend on the fractal parameter b, but the trend of functions ν(s) and γ(s) is similar for different b values. This similarity becomes more pronounced as b grows and approaches the fractal-to-Euclidean crossover region (b → ∞). Assuming that critical exponents on regular lattices do not depend on s, it would be challenging to reveal what exactly happens with the exponents in the limit b → ∞, which we would like to investigate in the future.
